ON COMBINATORIAL DESCRIPTIONS OF 
HOMOTOPY GROUPS OF J:K{tt,1) 

JIE WU 



Abstract. We give a combinatorial description of homotopy groups 
of Y^K{tt, 1). In particular, all of the homotopy groups of the 3- 
sphere are combinatorially given. 

1. Introduction 

In this article, we study homotopy groups and some related prob- 
lems by using simplicial homotopy theory. The point of view here is 
that combinatorial aspects of group theory provide further information 
about homotopy groups. 

The homotopy groups of the 3-sphere, the suspension of K{it, 1) and 
wedges of 2-spheres are shown to be the centers of certain groups with 
specific generators and specific relations. We list two group theoretical 
descriptions of 7i^{S^) as follows. 

Definition 1.1. A bracket arrangement of weight n in a group 
is a set of elements defined recursively as follows: 

Let G be a group and let ai, a2, ■ ■ ■ , be a finite sequence of elements 
ofG. Let 

P^{ai) = ai 

and ifn>l, then let 

/?"(ai, ■ ■ ■ , a„) = [P^{ai, ■■■ ,ak), (3\ak+i, ■■■ , an)] 
for some k and I > 0. 



Theorem 1.2. For n > 1, TTn+2{S^) is isomorphic to the center of the 
group with generators z/q, ... ,yn and relations 

[Vii ; 1/12 ) • • • ) Vit ] 

with {ii, . . . ,it} = { — 1,0, ... ,n} as sets in which the indices ij can 
be repeated, where ej = ±l,y_i = (yo • • • 2/n)~^ and the commutator 
bracket [. . . ] runs over all bracket arrangements of weight t for each t. 
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Notations 1.3. Let G be a group and let S be a subset of G. Let 
< S > denote the normal subgroup generated by S. Let Hj be a se- 
quence of subgroups of G for 1 < j < k. Let [[Hi, . . . , Hk]] denote the 
subgroup of G generated by all of the commutators [h\^\ .... hfj] with 
{ii, . . . ,it} = {I, . . . , k} as sets in which the indices ijcan be repeated, 
where h!f^ E Hj and the commutator bracket [. . .] runs over all of the 
bracket arrangements of weight t for each t. 

Theorem 1.4. Let n > 1. In the free group F{yQ, . . . , y„) freely gen- 
erated by yo, . . . ,yn we have 

{[[<yO>,<yi>, <yn>]]r\ < >)/[[< y_i >, <yo>, • • • , <yn>]] = T^nM^^ 

where y-i = (yo ■ ■ ■ 

The method of the proofs of these theorems is to study the Moore 
chain complex of Milnor's construction F{S^) for the 1-sphere S^. A 
group theoretical description of the homotopy groups 7r*(Ei^(7r, 1)) is 
as follows. 

Theorem 1.5. Let n be any group and let {x'^"'^\a E J} be a set of 
generators for tt. Then, for n ^ 1, 7r„+2(Ei<'(7r, 1)) is isomorphic to 
the center of the quotient group of the free product 

groups 

modulo the relations 

with {ii, ^2, • • • ) = 0, 1, • • • , n} as sets, where {7r)j is a copy of 

TT with generators {a;j"'*|a e J}, ej = ±1, y^3l = a^g"^ , yj = a;^"'*a;^"\ 
for 1 < j < n — 1, y^^ — and the commutator bracket [• • • ] runs 
over all of the commutator bracket arrangment of weight t for each t. 

In particular, for tt = Z/m, we have 

Corollary 1.6. 7rn+2(Si^r(Z/m, 1)) is isomorphic to the center of the 
group with generators Xq, . . . ,Xn and relations: (1). x^ for < j < n 
and (2). 

with {ii,...,it} = { — 1,0, ... ,n} as sets in which the indices ij can 
be repeated, where ej = ±1, y-i = Xq^ , yj = Xj-ixJ^ for — 1 < j < 
n — 1, yn = Xn and the commutator bracket [. . . ] runs over all bracket 
arrangements of weight t for each t. 
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One of the features of Theorems 1.2 and 1.5 is that homotopy groups 

embed in certain 'enveloping groups'. These 'enveloping groups' have 
systematic and uniform structure. The centers of these groups are of 
course more complicated to analyze. Theorem 1.4 is very similar to 
the combinatorial decription of J. H. C. Whitehead's conjecture [see, 
Bo2, pp.317]. These decriptions give a combinatorial question how to 
give a computable way to understand the quotient groups Rr\S/[R, S] 
for certain subgroups R and S* of a finite generated free group. Few 
informations about this question are known [see, Bol]. The article is 
organized as follows. 

In Section 2, we study some general properties of simplicial groups. 
Central extensions in the Moore-Postnikov systems will be considered. 
In Section 3, we study the intersection of certain subgroups in free 
groups. The proofs of Theorems 1.2 and 1.4 is given in Section 4, 
where Theorem 4.5 is Theorem 1.2 and Theorem 4.10 is Theorem 1.4. 
The proof of Theorem 1.5 is given in Section 5, where Theorem 5.9 is 
Theorem 1.5. In Section 6, we give some applications of our descrip- 
tions. One example is to compute the homotopy groups of the Cohen's 
construction on the 1-sphere. A direct corollary is to give a short proof 
of the Milnor's counter example for the minimal simplicial groups. 

The author would like to thank F. Cohen, B. Gray, J. Harper, D. 
Kan, M. Mahowald, J. Moore, P. May, S. Priddy and many other math- 
ematicians for their kindly encouragement and helpful suggestions. The 
author is indebted to helpful discussions with J. C. Moore and F. R. 
Cohen. 

2. Central Extensions in simplicial group theory 

In this section, we study some general properties of simplicial groups. 
A simplicial set K is called a Kan complex if it satisfies the extension condition, i.e, 
for any simplicial map / : A'^'[n] K has an extension g : A[n\ ^ K, 
where A[n] is the standard n simplex, A^[n] is the subcomplex of A[n] 
generated by all for i ^ k and (T„ is the nondegenerate n simplex 

in A[n],[Kl, C2]. Recall that any simplicial group is a Kan complex 
[Mol]. Given a simplicial group G, the Moore chain complex (iVG, do) 
is defined by NGn = Clj^oKerdj with do : NGn NGn-i- The clas- 
sical Moore Theorem is that vr^^G) ^ Hn{NG) [Mol, Theorem 4;C2, 
Theorem 3.7 or K2, Proposition 5.4]. Now let 2„ = ZniG) = f]j Kerdj 
denote the cycles and let Bn = Bn{G) = do{NGn+i) denote the bound- 
aries. It is easy to check that Bn is a normal subgroup of Gn for any 
simplicial group G. 
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Lemma 2.1. Let G be a simplicial group. Then the homotopy group 
7r„(G) is contained in the center of Gn/BGn for n> 1. 

Proof. Notice that 7r„(G) = ZGn/BGn- It suffices to show that the 
commutator [x, y] e BG^ for any x e ZGn and y E Gn- 

Notice that x is a cycle. There is a simphcial map f^ '■ ^ G such 
that fx{o'n) = X, where 5*" is the standard n-sphere with a nondegen- 
erate n-simplex c7„. Now let the simplicial map fy:A[n]^G be the 
representative of y, i.e, fy{Tn) — y for the nondegenerate n-simplex r„. 
Let be the composite 

S^^S''AA[n] ^H'^ G, 

where = o-„ A r„ and [f^, fy]{a Ab) = [/^(a), fyib)], the commu- 

tator of fx{o,) and fy{b). Notice that 0(cr„) = [x,y] and 5" A A[n] is 
contactible. Thus e The assertion follows. 

Definitions 2.2. Lei G be a simplicial group. The subsimplicial group 
RnG is defined by setting 

{RnG\ = {xEG,\fx{A[q]p = l}, 

where fx is the representative of x and X'"' is the n-skeleton of the 
simplicial set X. The subsimplicial group RnG is defined by setting 

(RnG), ^{xe GM{A[q])n) C BGn}. 

Let PnG denote G/ RnG and let PnG denote G / RnG. 

It is easy to check that both RnG and RnG are normal subsimplicial 
group of G. Thus both PnG and PnG are quotient simplicial group of 
G. Notice that 

RnG C RnG C Rn-\G. 

The quotient simplicial group PnG is between P„G and Pn-\G. By 
checking the definition of Moore-Postnikov systems of a simplicial set 
[Mol;C2], we have 

Lemma 2.3. The quotient simplicial group PnG is the standard n-th 
Moore-Postnikov system of the simplicial group G. 

The quotient simplicial group PnG has the same homotopy type of 

PnG. 

Proposition 2.4. The quotient simplicial homomorphism qn : PnG 
PnG is a homotopy equivalence for each n. 
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Proof: The Moore chain complex of P„G is as follows: 

{1 for g > n + 1, 

NGn+i/ZGn+i forg = n + l, 
NGq forg<n+l. 

The Moore chain complex of PnG is as follows: 

{1 forg > n, 

NGJBGn for g = n, 
NGq for q<n. 

Thus (gn)* : 7r*(P„G) — > 7r*(P„G) is an isomorphism and the assertion 
follows. 



Let Fn denote the kernel of the quotient simplicial homomorphism 

r„ : TnG Pn^iG for n > 0. 

Proposition 2.5. The simplicial group F„ is the minimal simplicial 
group KijinG, n) for each n > 0. 

Proof: It is directly to check that 

1 for g 7^ n, 



The assertion follows. 

Proposition 2.6. The short exact sequence of simplicial groups 

O^F^G^ PnG ^ Pn-lG ^ 

is a central extension for each n > 0. 

Proof: Consider the relative commutator sussimplicial group [FnG, PnG] . 
By Lemma 2.1, [F„G,P„G]„ = 1. Notice that [P„G,P„G] is a sub- 
simplicial group of minimal simplicial group FnG = K{7rnG,n). Thus 
[FnG, PnG] — 1 and the assertion follows. 

Definition 2.7. A simplicial group is said to be r-centerless if the cen- 
ter Z{Gn) = {1} /orn > r. 

Proposition 2.8. Let G be a reduced r-centerless simplicial group. 
Then 7r„(G') ^ Z{Gn/Bn) forn>r + l 

Proof. By Lemma 2.1, Zn/Bn Q Z{Gn/Bn)- It suffices to show that 
Z{Gn/Bn) C Z,JBn foi n > T + 1. Now let 5 G Z(G„/S„). Choose 
X G Gn with p{x) = X, where p : Gn — ^ Gn/Bn is the quotient ho- 
momorphism. To check x G Zn/Bn, it suffices to show that 
or djX = 1 for all j. Since Z{Gn-i) = {1}, (ijX = 1 if and only if 
[djX,y] — 1 for all y G Gn-i- Now [djX, y] = for j > 
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and [doX,y] = do[x,Soy]. Since x e Z{Gn/Bn), [x,z] e Bn Q 2^ for 
all z e Gn and therefore [djX,y] — 1 for all y e Gn-i- The assertion 
follows. 

By inspecting the proof, we also have 

Proposition 2.9. Let G be a reduced r-centerless simplicial group. 
Then 

ZiGjZr,) = {1} 

for n > r + 1. 

Lemma 2.10. Let G be a reduced simplicial group so that Gn is cyclic 
or centerless for each n. Then there exists a unique integer 7^ > so 
that Gn — {1} for n < o-nd Z{Gn) — {1} for n > 70. 

Proof. Let ■jc = rnax{'y\Gn = {1} for n < 7}. Then ■jq > 0. If 7g < 
00. Then G^^^ 7^ {1}. Wc show that G^^+q is ccntcrlcss for each g > 0. 
Notice that dl o Sq : Gn — >• Gn+q Gn and dl o si : Gn ^ Gn+q — >■ 
Gn are identities for n > Thus Sq{G^q) and sKGj^) are nontrivial 
summands of Gj^+q. Now let x — s^y — slz e SQ{GjQ)r\Si{GjQ). Then 
dq+ix = dfj^is^y = Sgdiy = 1 = dg^islz = s'l~'^d2Siz = sf~^z. Thus 
X = s\z = 1. And therefore 50(^70) n Si(G-yQ) = {!}. The assertion 
follows. 

Corollary 2.11. Let G be a reduced simplicial group such that Gn is 
cyclic or centerless for eachn. Then nn{G) = Z{Gn/Bn) forn ^ 7G+I7 
where 70 is defined as above. 

Notice that, for any free group F, rank{F) > 2 Z{F) = {1} and 
F ^ {1}. We have 

Lemma 2.12. Let G be a reduced simplicial group such that Gn is a 
free group for each n. Then there exits a unique integer ^ya > so that 
Gn — {1} for n < o-nd rank{Gn) > 2 for n > 7^. 

Example 2.13. The 1-stem is determined in this example. 

Let G — F[S'^), Milnor's F-construction on the standard n-sphere 
for n > 1. Then G„ = F{a) = Z((j), the free abehan group generated 
by (7, 

Gn+i = F{soa, Sicr, SnCr) 
and Gn+2 — F{siSja\0 < j < i <n). It is easy to check that T^Gn+i = 
Zn+i, where F^C is the q-th term in the lower central series of a group 
G starting with F^G — G. By Lemma 2.1, 

^^Gn+l — [Zn+l,Gn+l\ Q Bn+l- 



and 
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If n = 1, then it will be shown that T^Gn+i — Bn+i in Section 4 and 
therefore 713(6'^) = 7i2{F{S^)) = Z, which is generated by [soa,sia]. 
Suppose that n > 1. Consider the following equations 

J /r n f 1 for /c 7^ j, 

4([s,-i^.a, s,^,s,a]) = I ^^^^^ ^^.^^ j^^.^ 
for i + 1 < j < n, 

r [sj+i(T, fork=i+l, 

4[-Si+2Si+i(7, Si+3SiC^] = S [si+icr, Sjcr] fork=i+3, 

I 1 otherwise, 

{[si+ia,Si+2(^] fork=i+l, 
[s.a,s.^2a] fork=i+2, 
[Sia,Si+ia\ fork=i+3, 
1 otherwise. 
By the Homotopy Addition Theorem [C2, Theorem 2.4], [sjcr, SjCr] e 
Bn+i for i + 1 < j, [si+ia, 5^+20"] = [sjCi, Si+icr] mod Bn+i and = 
[sj(T, Sj+20"] = [sj+i(T, Sj_|_20"] = 2[sj(T, Sj+icr] if i + 2 < n. Notice that 
[sqC", SiC"] 7^ in 7r„_|_i(r^G/r^G). Thus [sqct, Sicr] ^ and, by the 
relations above, 

7rn+2('S'""^^) = nn+l{G) = Zn+l/Bn+l = Z/2 

for n > 2, which can be represented by [sjcr, Sj+icr] for < i < n — 1. 

3. Intersections of certain subgroups in free groups 

In this section, we give some group theory preliminary. The intersec- 
tions of certain subgroups in free groups are considered in this section. 
We will use these informations to determine the Moore chain complex 
of certain simplicial groups in the next sections. 

Definition 3.1. let S be a set and letT C S a subset. The projection 
homomorphism 

TT : F{S) F{T) 

is defined by 



Now let TT : F{S) — > F{T) be a projection homomorphism and let 
R equal the kernel of tt. Define the subsets of the free group F{S) as 
follows. 



Arik) = {[[x, yl'] • • • ], y^llO < ^ < k, ej = ±1, y = y^^ . . . yp e F{T),x e S-T}, 
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where y — yl^ • • • yl* e F(T) runs over reduced words in F(T) with 
t < k and yj e T. Furthermore define [[x, y\^\ . . ■\,yl*\ — x lor t — 
Define 

Brik) — e F{T) a reduced word with lenthl{(l)) < k,x & S—T}, 

At = ^k>oAT{k) 

and 

Bt = Uk>oBT{k). 

By the classical Kurosch-Schreier theorem ( see [MKS, pp.243, K2, 
Theorem 18.1]), we have 

Proposition 3.2. The subgroup R is a free group freely generated by 
Bt. 

We will show that At is also a set of free generators for R. We need 
a lemma. 

Lemma 3.3. Let : Fi — > F2 &e a homomorphism of free groups. 
Suppose that 0"^ : F^^ is an isomorphism, where F"'^ is the 

ahelianlizer of the group F. Then (p : Fi —> F2 is a monomorphism. 

Proof. Notice that 0* : H^,{Fi) H^{F2) is an isomorphism, where 
H^{G) is the homology of the group G. Thus Fi/T^Fi — * F2/T^F2 is 
an isomorphism for each r, where T^G is the r-th term in the lower 
central seris of the group G starting with T^G — G and so 

lirrirFi/VFi Zim^Fa/^Fa 

is an isomorphism. Notice that flj-F^F = 1 for any free group F. Thus 
F — > lirrirF/r^F is a monomorphism. The assertion follows. 

Proposition 3.4. The subgroup R is a free group freely generated by 
At. 

Proof. First we assume that both S and T are finite sets. Denote by 
ik '■ AT{k) R and jk ■ BT{k) R the natural inclusions. Notice 
that 

R = F{Bt) = colimkF{BT{k)). 
We set up the following steps. 

Stepl. AT{k) C F{BT{k)). 

The proof of this statement is given by induction on k starting with 
At{0) = Bt{0) ^ S -T. Suppose that AT{k - 1) C F(Br(A; - 1)) 
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and let w = [[x, yl\ - ■■ , yp] e Arik). Ut < k, then w e Arik - 1) C 
F(Bt(A; - 1)) C F(Bt(A;)), by induction. Now 

[[^, yr] ■■■ui']- [[^, yn ■■■], yi--n-' ■ yr'[[^, yr] ■■■], yt-iw 

Now since [[x, i/f] ■ ■ ■ ], l/fclll e F{BT{k - 1)), [[x, 2/^] ■ ■ ■ ], l/^-il = 
U.j=i{4>J^Xj(l)j))''^ with (l)J^Xj(l)j e Brik - 1) and rjj = ±1. Thus 

^ - im<f>j'^j<pj)rT' ■ myr'<pj'^j<i>jyi'')r' e ^(^t(a;)) 

i=i i=i 
The induction is finished. 

Step 2. ik : F^Arik)) F^Bxik)) is an epimorphism, where the ho- 
momorphism is induced by the inclusion : Arik) F{BT{k)) 

The proof of this step is given induction on k starting with F{At{^)) — 
F{Bt{Q)) = F{S - T). Suppose that F{AT{k - 1)) ^ F(Bt(A; - 1)) 
is an epimorphism and consider : F{AT{k)) F{BT{k)). Let 
(j)~^x(j) G Bxik), where (/) = yl^ ■ ■ -yt^ is a reduced word with t < k. 
If t < A; — 1, then (p~^x4> G Irmpk by induction. Let (p = yl^ ■ ■ ■yl'' be 
a reduced word and let z denote the word {yl^ ■ ■ ■ yk-D'^xyl^ ■ ■ ■ yl''Si- 
Then (j)~^x(/) — z • [z,yl'']. Notice that z e Im{ik) by induction. It 
suffices to show that [w,y'^] G F{ATik)) for w E Arik — 1) for all 
w e Arik -1), y eT and e = ±1 by the Witt-Hall identity that 

[ab,c] = [a,c] ■ [[a,c],b] ■ [b,c]. 

We show this by second induction starting with 

At{1) ^{[x,y']\yeT,xeS-T,e^ ±1}. 

Let w — [[x, ], • • • ], yf] be in Arik — 1) with k > 1, where • • • yt* 
is a reduced word. Let y E T and let e = ±1. liyl^ ■ ■ ■ yl^y"^ is a reduced 
word, then [Wjy"] G Fi^Arik:)) by definition. Suppose that y^i • • -yt^y" 
is not a reduced word. Then t > 0, y = yt and e = — et. Let w' denote 
[[x, yl'], ■ ■ ■ ,],yt!Zi] G Arik - 2). Then w = [w', yl']. By the Witt-Hall 
identities, there is an equation 

By induction, [w',yr'] G F(^T(fc - 1)) C F(^t(A;)) and so 

[w,yr] = w-'[w',yrT' e F(^t(A: - 1)) C FiArik)). 

The second induction is finished and so the first induction is finished. 
The assertion follows. 
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Step 3. ik : F^Arik)) F^Brik)) is an isomorphism. 

By Step 2, Z{AT{k)) Z{BT{k)) is an epimorphism. Notice that 

rank{F{BT{k))) = |Bt(A;)| = \AT{k)\ ^ rank{F{AT{k))). 

Thus ijfc : Z^Arik)) — >• Z{BT{k)) is an isomorphism and so : Fi^Arik)) 
F{BT{k)) is a monomorphism. Thus ik is an isomorphism. 

Step 4- Since F^Arik)) — > FiBxik)) is an isomorphism for each /c, 
F{At) = colimkF[AT{k)) —>■ F{Bt) = colimkF{BT{k)) is an isomor- 
phism. 

Now consider the general case. By Lemma 3.6, it suffices to show that 
i : F{At) F{Bt) is an isomorphism. To check that F{At) — ^ F{Bt) 
is an epimorphism. Let w e Bt, there exist finite subsets S' and T' of 
5" and T, respectively, so that w e Bt'- By the special case as above, 
i\F{Arpf) '■ F{Ati) — F{Bt') is an isomorphism and w e Imi\F{ATf)- 
Thus i is an epimorphism. To check that F{At) F{Bt) is a 
monomorphism. Let w G Keri, there exist finite subsets S' and T' 
of 5 and T, respectively, so that w e F(^t')- Notice that i\F{AT,) 
an isomorphism. Thus w — 1 and the assertion follows. 

Now let's consider the intersection of kernels of projection homomor- 
phisms. Let 5* be a set and let Tj be a subset of 5* for 1 < j < k. Let 
TTj : F{S) F(Tj) be the projection homomorphism for 1 < j < k. 
We construct a subset A{Ti,--- ,Tfe) of F(S) by induction on k as 
follows. 

A{Ti)^At„ 

where At is defined in Definitions. 1. Let 

tP ^{we AiT,)\w = [[x,yl\--- ,yt']withx,y, G for all j] 
and define 

A{T^,T2)^A{T^)^(2). 

Suppose that ^(Ti,T2, • • • ^Tk-i) is well defined so that all of the 
elements in A{Ti,T2i ■ ■ ■ are written down as certain commu- 

tators in F{S) in terms of elements in S. Let T^^ be the subset of 
A{Ti, Ta, • • • , Tfe.i) defined by 

Tf ^ ^{we ^(Ti, T2, • • • , = • • • , x\'\ withxj e n for all j 
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where [xl^, • • • , xf] are the elements in A{Ti, T2, - ■ ■ , which are 

written down as commutators. Then define 

fc 

Theorem 3.5. Let S be a set and let Tj be a subset of S for 1 < j < k. 

Let TTj : F{S) F(Tj) be the projection homomorphism for 1 < j < k. 
Then the intersection f\j=i Kernj is a free group freely generated by 
A{T,,T2,--- ,Tk). 

Proof. The proof is given by induction on A;. If A; = 1, the as- 
sertion follows from the above lemma. Suppose that CljZl Kernj = 
F{A{Ti,T2, ■ ■ ■ ,Tfc_i)) and consider tt^ : F{S) — >• F{Tk). Then 

k 

3=1 

, where 7tk is Tr^ restricted to the subgroup ^(^(7"!, T2, • • • , Tfe-i)). Let 

w=[xl\--- ,xf]eA{Ti,T2,--- ,Tk-i). 

If w ^ Tlf\ then Xj ^ for some j and 7Vk{w) = 1. Thus TTk factors 
through F{Tj,''^), i.e, there is a homomorphism j : F{Tj,''^) — F{Tk) 
so that Tffc = j o TT, where tt : F{A{Ti, T2, • ■ • , Tk-i)) F{T^^) is the 
projection homomorphism. We claim that j : FiT^!^^) — > F{Tk) is a 
monomorphism. Consider the commutative diagram 

F(rf) ^ F(rf) ^ F(^(ri,r2,---,r,_i)), 

where F(T,(')) ^ F(^(Ti, T2, • • • , T^.i)) and F(^(Ti, r2, • • • , ^ 

F(5) are inclusions of subgroups. Thus j : F{Tj-'^) F{Tk) is a 
monomorphism and 

Keritk = Ker{F{A{T^, T2,---, ^ F(rf ) = F{A{T,, T2, • • • , Tfe)). 

The assertion follows. 

Corollary 3.6. Let -Kj he the projection homomorphisms as in Theo- 
rem 3.5. Then the intersection subgroup f]^^i KerHj equals the com- 
mutator subgroup [[< Ti >,■■■,< >]] which is defined in Notations 
1.3. 
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4. On the Homotopy Groups of the 3-sphere 

In this section, we study the Moore chain complex of the Milnor's 
construction F{S^). The proofs Theorems 1.2 and 1.4 are given in 
this section, where Theorem 4.5 is Theorem 1.2 and Theorem 4.10 is 
Theorem 1.4. Recall that the simplicial 1-sphere is a free simpli- 
cial set generated by a 1-simplex a. Thus Sq = {*}, Si = {c,*} 
and Sl^_^i = {*, Sn ■ ■ ■ Si+iSi-i ■ ■ ■ SQa\0 < j < n}. Let Xi denote 
Sn - ■ ■ Si+iSi-i - ■ ■ soa. Then F{S^)n+i = F{xo,xi, ■ ■ ■ ,Xn) the free 
group freely generated by xq, ■ ■ ■ Let yi denote Xi-iX~'^ for —1 < 
i < n, where we put a;_i = Xn+i = 1 in F{S^)n+i = F{xo, • • • , By 
direct calculation, we have 

Lemma 4.1. F{S^)n+i = F{yo, ■■■ ,y„) with 

( Vk-i j < k, 

djVk = < 1 j + 

I yfc j > k + 1, 

and 

( Vk+i j < k, 

SjVk = S VkVk+i j ^ k + 1, and 

Ivk j > k + 1 
forO<j<n + l, where y_i = (yo • • • Vn-i)'^ in F{S^)n. 

Now let Cn+i denote the subgroup of F{yo, • • • , yn) generated by all 
of the commutators [yl^, • • ■ , y^^] with {ii, ■ • ■ , i^} = {0, 1, ■ ■ ■ , n} as 
sets, i.e. each j {0 < j < n) appears in the index set {ii, • • • 
at least one time, where Cj — ±1 and the commutator [yH, • • ■ ,y^*] 
runs over all of the commutator bracket arrangements of weight t for 

Vii ' ' ' ' ' Vit ■ 

Lemma 4.2. The group Cn+i is a subgroup of NF{S^)n+i,i.e C„+i C 

nj^oKer{dj). 

Proof. Notice that djyj-i = 1 for 1 < j < n + 1. Since {yi^, ■ ■ ■ ,yit} = 
{Vo: yi, • • • , Vn}: dj[yll , • • • , y-^] = 1 for each j > 0. The assertion fol- 
lows. 



Theorem 4.3. NF{S\+i = C„+i. 

Proof. For 1 < j < n + 1, let 5" = {l/o^l/ir"" tUu} and let Tj — 
{Vo, ■ • ■ ) Z/n}- By Lemma 4.1, there is a commutative diagram 

F{S) ^ F{Ti^^) 

i dj _ dj i= 

F{yo,--- ,yn-i) ^ F(yo,--- ,yn-i), 
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where 

' Xvk-i J<k<n. 
Thus Kerdj = Kernj and NF{S'^)n+i = f]]=l Kerdj = n]=lKernj. 
By Theorem 3.5, NF{S\+i = F{A{To,Ti, ■ ■ ■ ,r„)), where the nota- 
tion A{Tq, Ti, • • • , Tji) is given in Section 3. To check that 

F(^(ro,ri,---,r„))cc„+i, 

it suffices to show that A{To, Ti, • • • , T„) C C„+i. This will follow from 
the following statement. 

Statement. For each < j < n and w = [yil,yi^, • ■ • , Uil] G A{Tq, Ti, ■ • • , Tj), 

{yo, yi,-- - , yj} ^ {z/n, z/i2, ■■■ , yu}- 

We show this statement by induction on j. Note that F{Tq) — 
F{yu--- ,yn)- For j = 0, 

-^(^o) = {[[yo,yil], ■ ■ ■ > 0,yil ■ ■ ■yllareducedujor-dinFiTo)}. 

Thus the assertion holds for j = 0. Suppose that the assertion holds 
for j — 1 with j < n. Notice that Tj = {yo, ■ ■ ■ ,yj, - • • , y-n}- Thus 

= {we A{To, Ti, • ■ ■ , T,^,)\w = [ytl, ■ ■ ■ , ^ wtthy, i {y,,, ■ ■ ■ , y,,}}. 

and so y^ G {yi^, ■ ■ ■ , i/j J for w = [yf^, ■■■ , yll\ e A{Tq, Ti,-- - , Tj_i) - 
T^^ . Hence, by induction, 

{l/o,l/i, ■■■,%•} C ■ ■ ■ 

for w^iyll,--- , yll\ e A{T^, T^,--- , Tj_,) - T^'K Notice that 

A{To, Ti, • • • ,7}) = ^(To, Ti, • • • , Tj_i)^u) - 

j 

Thus 

{yo,yi, ■ ■ ■ ,yj} ^ {yh,yi2, ■ ■ ■ ^vu} 

for each w = [y^^, - ■ ■ , y^] G A{Tq, Ti, - - - , Tj). The induction is fin- 
ished and the theorem follows. 

Corollary 4.4. A{Tq, Ti, - - - , Tn) is a set of free generators for NF{S^)n+i. 

Theorem 4.5 (Theorem 1.2). For n > 1, 7rn+2{S^) is isomorphic to 
the center of the group with generators yo,yi,--- ,yn (^nd relations 

[ytl,yt!,--- ,yu] with 

{ii,i2, ■■■ ,it} = {-1,0, 1, ■ ■ ■ ,n} 

as sets, where ej = ±l,y-i = {yoyi ■ ■ ■ yn)~^ CLnd the commutator 
bracket [• • • ] runs over all bracket arrangements of weight t for each 
t. 
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Proof. Notice that 7r„+2(5^) = 7r„+iF(5^) for n > 1 and = 
(io(A^-F'(S'^)„+2). By Lemma 4.1 and Theorem 4.3, is generated 

by [y'l , y'" , ■ ■ ■ , yTt] so that {yi,,yi^, ■ ■ ■ , l/ij = {yo, yi, ■ ■ ■ , l/n}, where 
Sj = ±1. By Proposition 2.8, it suffices to check that 7r2{F{S^)) = 
Z{F{S%/B2) = Z{F{yo,yi)/B2). By Example 2.13, = r^F{S% = 
r^F(yo,Z/i) and r^F(yo,yi) Q ^2- Now , by the construction of B2, 
B2 C r^F(yo, yi) and therefore 

The assertion follows. 

Remcirk 4.6. T/ie relations in above theorem are not minimal, i.e, 
many of them can he cancelled out. 

Proposition 4.7. Let C'n+i be the subgroup of F{S^)n+i generated 
by all commutators given by [■ ■ ■ [ylj , y^j], ■ • • , ], l/i^] with {ii, • • • ,it} ~ 
{0, 1, • • • , n} and ej — ±1. Then 

for each s, where — r^F{S^)n+i is the s-term in the lower central 
series of F {3^)^+1. 

Proof. Notice that C^+i C NF{S^)n+i. The induced homomorphism 
/, : C;+i/r- n C;+i ^ NF{S%+jr^ n NF{SX+, is a monomor- 
phism. We check that / is an epimorphism. It suffices to show that, 
for each w G NF{S^), there exists a sequence of elements {xj} so 
that Xj G P n C^_|_i and WX1X2 ■ ■ ■ Xg G r^+^ for each s. In fact, 
if this statement holds, WX1X2 ■ ■ ■ Xg-i = 1 mod fl NF{S^)n+i for 
each s and w = {wxi ■ ■ ■ Xg^i) ■ {xiX2 ■ ■ ■ Xj_i)~^ G C^+i modT^. Now 
we construct Xj by induction, which depends on w. Notice that, for 
n > 1, NF{S^)^+i G r"+i C Choose a;^ = 1 for j < n. Suppose 
that there are xi, ■ • ■ , Xg-i so that Xj G fl C^+i and wxi • • • Xs-i G 
F^ Since C;+i C ArF(,Si)„+i, wxi---Xs-i G F* n ArF(,Si)„+i and 
dj{wxi ■ ■ -Xg^i) = 1 for j > 1. Let vr : F* ^ ps^ps+i |^]-^g quotient 
homomorphism. 7i{wxi ■ ■ linear combination of basic Lie 

products. We claim that n{wxi ■ ■ ■ Xs-i) is a linear combination of basic 
Lie products in which each yj appears in the Lie product for < j' < n. 
If not, there exists j so that 7i{wxi ■ ■ ■ Xs-i) = b+c, where 6 is a nontriv- 
ial linear combination of basic Lie products in which yj does not appear 
and c is a linear combination of basic Lie products in which yj appears. 
Now the face homomorphism dj+i : F{yo, - ■ ■ , y„) — >■ F{yQ, - ■ ■ , y^-i) 
induces a homomorphism 

: F^F(yo, • • • , y„)/F^+iF(yo, • • • , y„) ^ F^F(yo, • • • , yn-i)/F^+iF(yo, • • • , Vn-i) 
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and 

1 = dj+i7i{wxi ■ ■ ■ Xs-i) = dj+i{b) + dj+i{c) = dj+i{b). 
Notice that 

dj+i\F{yo,-,yj-i,yj+i,-,yn) '■ F{yo, ■ ■ ■ ,yj-i,yj+i, ■■■ ,yn) ^ F{yo, ■ ■ ■ ,yn-i) 

is an isomorphism. Thus 6=1. This contradicts to that 6 is a nontrivial 
hnear combination of a basis. Thus 7r{wxi ■ ■ -Xs-i) is a hnear combi- 
nation of basic Lie products in which all of the yj appear. By Theorem 
5.12 in [MKS,pp.337], there exists Xg in C^+i so that Tr{wxi • • -Xs) — 1, 
or wxi • • • Xs & r^+^. The induction is finished now. 

By Corollary 3.6, we have 

Theorem 4.8. In the free group F{yQ,-- - ,yn), NF{S^)n+i = [[< 
?/o >,•••,< l/n >]] and BF{S^)n+i = [[< >,< |/o >,•••, < l/n >]]• 

Thus Theorem 4.5 can be rewritten as foUows. 

Theorem 4.9. In the free group F{yo, ■ ■ ■ , y^) for n>l, the center 

Z{F{yo, • • • , yn)/[[< y-i >,< yo >,•••, < yn >]]) = 7r„+2(5^) 

By Lemma 4.1 and Proposition 3.5, Kerdo —< Xq >—< y_i > and 
therefore 

Z„+i = [[< I/O >,•••,< ?/n >]]n <y-i> . 

Thus we have 

Theorem 4.10 (Theorem 1.4). In the free group F{yo, ■ ■ ■ ,yn) with 
n>l, 

[[< 7/0 >,•••, < yn >]]n < y-i >]]/[[< 7/_i >,< Z/0 >,•••, < yn >]] = 7r„4 

5. On the Homotopy Groups of EK{'k, 1) 

In this section, we give group theoretical descriptions for 7r^,(Si^(7r, 1)) 
for any group tt. The proof of Theorem 1.5 is given in this section, 
where Theorem 5.9 is Theorem 1.5. We will use the notations defined 
in Section 3. First we extend our description for 7r*(S'^) to the case 
n^{VaejS^). Recall that {VaejS^)o = *, {^a^jS^)! = {aa,*\a G J} 
and {\/aejS^)n+i = {sn- ■ ■ Si- ■ ■ soaa,*\a e J,0 < i < n}. Let 
denote s„ • • • • • • socTq. Then 

F{y^^jS'U, = F(4"\4"\ • • • :xl^^\a e J). 

Let t/j-"'' = x^"'' • Xj^i for < _7 < n — 1 and y^^^ = a;^"^. By Lemma 4.1, 
we have 
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Lemma 5.1. F{WaejS^)n+i = F{yf'\0 <j<n,aeJ) with 



and 




yl-i 3 < k, 
1 j^k+1, 

y't^ j>k+l, 



j < k, 

(a) (a) ■ 7,1 

Vk ■ Vk+i J^k + 1, 



-^"^ j>k + l, 

forO<j<n+l, where y^^> = (yj") • • -yl^},)-' m F{y^^jS') 

Let C;f+i denote the subgroup of F{\/aejS^)n+i generated by all of 

the commutators [yl"^^^^ , • • ■ , yl"*^'^*] with {ii, • • • , i^} = {0, 1, ■ • • , n} 
as sets, where ej = ±1, aj G J and the commutator bracket [■ ■ ■] runs 
over all of the commutator bracket arrangements of weight t for each 
t. 

Lemma 5.2. C^^, C NF{\/^^jS%+,. 

Proof: For each 1 < j < n + 1, there exists some ig — j — 1. Thus 
djiViT^^") ~ ^ ^'-'^ some is and therefore 

for each j > 0. The assertion follows. 
Lemma 5.3. For each 1 < j < n + 1, 

Kerdj n F{Va^jS\+i =< y^l\\a e J >, 
the normal subgroup generated by y^^i with a G J. 
Proof: By the definition of dj, there is a commutative diagram 

F{yf\0<j<n,aeJ) ^ F{yt^ ■ ■ -yf},- ■ ■y^^)\a & J) 

d, i _ =i d, 

<j<n-l,aeJ) ^ i^(y]"^|0 <j<n-l,aeJ) 
where p is the projection and 



djVk 



{") _ / j < k, 



Vk"^ J>k+1. 



The assertion follows. 

Theorem 5.4. Let C^^^ be defined as above. Then 



ON COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF EK{-!t, 1)7 

Proof: By lemma 5.1, each dj with j > is a projection homomorphism. 
Thus, by Theorem 3.5, 

n+l 

NF{y^^jSX+, = n Kerdj = F{A{To, Ti, • • • , 7;)) 

where Tj = {i/q"'', • • • , yj°'\ • • • , y^^Ci G J}. It suffices to show that 

A{To,T^,--- ,T^)CC^_^,. 
This follows from the next lemma. 

Lemma 5.5. ForO <j <n, letW ^ [Vi^'^"', ■ ■ ■ ,^1"'^'*] e AiTo,Ti, ■ ■ ■ ,Tj). 
Then 

{0, ,j} C {ii,--- ,it}. 

Proof: The proof is given by induction on j for < j < n. Notice 
that, by construction, each element in A{Tq, Ti, • • • , Tj) is written as a 
certain commutator. If j = 0, then 

A{To) = {y^-\[[yi-\yl:^^'^]r--A:ylf'']} 

where a,aj e J, ej = ±1 and yi"^^^^ • • • yif*^*^' runs over all of the 
reduced words 7^ 1 in G ^, 1 < J < n). Thus the assertion 

holds for j = 0. Suppose that the the assertion holds for j — 1 with 
j < n. Recall that 

Tj^^ ^{We A{To,T^, . . . ,T,_,\W = [yi:'^'\yl:'^'\ ■ ■ ■ ,yt^% wtthy^f g T,}. 

Notice that yf^^ G T, ^z^^j. Thus, for W = [yj^^^^ , yif'^ , • • • , yif'*] G 
Ain,--- ,T^-i)-Tj'\j G {ii,--- By induction, {O,--- C 
{ii, • • • ,it}. Hence 

{0,1,- ■■ ,j} C {i^,i2,-- - 

for any W = [yt^'\yi:^'\ • • • , yf'^^'] G A(To, • • • , r,_i -7;^^). Recall 
that, by construction, 

A{To,--- ,Tj)^A^u). 

j 

{0, ,j} C {ii,i2,-- - 

for any W = [yt^'\yt^'\---Jf''] G A{To, ■ ■ ■ ,Tj). This com- 
pletes the proof. 

Theorem 5.6. 7rn+2(VQ,Gj>S'^) is isomorphic to the center of the group 
with generators 

. . . 
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for a & J. and relations 

with {ii, i2, • ■ ■ ) it} = 0, 1, • • • ,n} as sets, where the indices ij can 
be repeated, ej — ±1, aj & J and the commutator bracket runs over all 
of the commutator bracket arrangements of weight t for each t. 

Proof: Notice that iTnM'^aejS^) = 7rn+i(F(V«gjS'^)). By the above 
theorem, Bn+i is generated by 

Lfii ) i/«2 ' 'fit J 

By Theorem 2.8, the assertion holds for n > 1. For n — 0, Bi = 
r2(F(yi"V e »^)) and 

F(|/S"V e J)/Bi = ©„6jZ7r2(V„eJ^'). 
The assertion holds for all of n. 

For the general case, we need a simplicial group construction. 

Definition 5.7. Let G be a simplicial group and let X be a pointed 
simplicial set with a point *. The simplicial group F^{X) is defined by 
setting 

the free product, modulo the relations (Gn)*, where {Gn)x is a copy of 
Gn- The faces and degeneracies homomorphisms in F'^{X) is given 
in the canonical way by the universal property of the coproduct in the 
category of groups and group homomorphisms. 

Lemma 5.8 (Ca, Theorem 9, pp.88). Let G be a simplicial group and 
letX be a pointed simplicial set. Then the goemetric realization \F'^[X)\ 
is homotopy equivalent to Q{B\G\ A \X\). 

A generalization of this lemma by using fibrewise simplicial groups 
is given in [Wul]. 

Theorem 5.9 (Theorem 1.5). Let n be any group and let {x^°'''\a E J} 
be a set of generators for tt. Then, for n ^ \, 7rn+2(S-ft'(7r, 1)) is 
isomorphic to the center of the quotient group of the free product 

groups 

modulo the relations 

Li/ii ) J/i2 ' ' fit J 
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with {ii, ^2, • • • ) it} = 0, 1, • • • ,n} as sets, where {Tr)j is a copy of 
TT with generators {x^"-'|q; G J}, e.j = ±1, y^f* = Xq""* , i/j = 
for 1 < j < n — 1 and — the commutator bracket [• • •] runs 
over all of the commutator bracket arrangment of weight t for each t. 

Proof: Since {x^^^jo; e J} is a set of generators for tt, F{x^°''>\a e J) — > 
TT is an epimorphism. Thus 

is an epimorphism. Hence 

NF{\/^^jS') ^ NF-{S') 

and 

are epimorphisms. The assertion follows from Theorem 5.6, Lemma 
5.7 and Proposition 2.8. 

6. Applications 

In this section, we consider Cohen's /^-construction. Our descrip- 
tions for the homotopy groups of 3-sphere gives a calculation for the 
X-construction of 1-sphere. 

Definition 6.1. Let X be set. The group K(X) is defined to the the 
quotient group of the free group F{X) modulo the normal subgroup 
generated by all of the commutators [[xi,X2], • • • ,],Xt] with Xi & X and 

X'i = for some 1 < i < j < t Now let S be a pointed simplicial 
set. The simplicial group K(S) is defined to be the quotient simplicial 
group of F{S) modulo the normal simplicial subgroup generated by all 
of the commutators [[xi,X2], ■ ■ ■ ,],Xt] with Xi & S and xi — xj for some 
^ < i < 3 ^ t, where F{S) is the Milnor's F{K) -construction for the 
simplicial set S. 

Definition 6.2. The group Lie{n) is the elments of weight n in the 
Lie algebra Lie{xi,X2, ■ ■ ■ ,Xn) which is the quotient Lie algebra of the 
free Lie algebra 

L{xi, X2, • • • , Xn) 

over Z modulo the two sided Lie ideal generated by the Lie elements 
[[xjj, Xjj], • • • , ], with ii — ik for some 1 < I < k < t. 

The following lemmas are due to Fred Cohen. 
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Lemma 6.3 (Co). r'^K{xi,X2, • • • , x„) = {1} for q> n and 

where V^G is the q-th term in the lower central series for the group G 
starting with V^G — G. 

Lemma 6.4 (Co). In the group K{xi,X2, ■ ■ ■ ,Xn), the normal sub- 
group grnerated by abelian for each 1 < j < n. 

Lemma 6.5 (Co). The set {[xi,x^(^2), ■ ■ ■ ,Xa(n)]W ^ ^n-i} is a Z- 
basis for Lie(n), where S„_i acts on {2, 3, ■ ■ ■ , n} by permutation. 

Recall that the simplicial 1-spherc is a free simplicial set generated 
by a 1-simplex a. More precisely, Si = {*}, Si = {c, *} and Sj^_^i — 
{*, Sn - ■ ■ Sj ■ ■ ■ SQa\0 < j < n}. Let Xi denote s„ ■ • • ■ • • Sqct. Then 

Lemma 6.6. The face functions di : Sl^_^_^ — >• Sj^ and the degenarate 
functions Si : — > >S'^+2 as follows: 

, _ j Xj j <i 
j>i 

and 

_ ( Xj j < i 

where we put x_i = * and Xn — * in S^^. 

Theorem 6.7. 7in{K{S^)) is isomorphic to Lie{n) 

Proof: Let tt : F{S^) K{S^) be the quotient homomorphism. Then 
NF{S^) NK{S^) is an epimorphism. Recall that NF{S^)n+i is 
generated by all of the commutators 

[Vii ) 2/i2 ) ' ' ' ) Vit] 

SO that 

{ii,i2,--- ,h} = {0, 1,-- - ,n} 
by Theorem 4.3. Thus NF{S\+i C V'+^FiS^+i and therefore 

Notice that K{S%+i ^ K{xo,xi,--- ,Xn). Thus F^'+^KiS^+i ^ 
Lie{n + 1) and r''+^K{S^)n = {1}. Thus 

is trivial for each j >0. And therefore 

NKS\+i = r"+'K{S\+i ^ Lie{n + 1) 
with do : NK{S^)n+i — > NK{S^)n is trivial, the assertion follows. 
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Corollary 6.8. Let n : F{S^) — > K{S^) be the quotient simplicial 
homomorphism. Then 

is an isomorphism for n — 1,2 and zero for n > 2. 

Now we consider the Samelson product in 7r*(i^(S'^)). Let Xj denote 
Sn - ■ ■ Sj ■ ■ • s^a in Sl^_^i. The foUowing lemma follows directly from 
Lemma 6.6. 

Lemma 6.9. Let I — (^l,^2,••■ j^m) be a sequence with ii < i2 < 
■ ■ ■ <im- Then si : -S'^+i — * ^ (S^+^+i — * is the composite 

{xq, Xi, • • • , Xji} ^ {-^O-i ^1} ' ' ' ■} ^ii ■}'''} ■}'''■> ^im ■)'''■> -^n+m} 

where Sj = Si^ ■ ■ ■ Sj^ and sj is the order preserving isomorphism. 

Recall that, for a G 7r„(G) and r G T:m{G), the Samelson product 
[CI] is defined to be 

<a,T>= ll['ba,SaTr''^''''\ 

{a,b) 

where G is a simplicial group, (a, b) = (oi, • • • , a„, 6i, • • • , 6^) runs 
over all shuffles of (0, 1, • • • ,m + n — l),i.e. all permutations, so that 
ai < 02 < • • • < a„, 6i < 62 < ■ ■ ■ < bm, sign{a, b) is the sign of the 
permutation (a, 6), the order of the product H is right lexicographic on 
a and = ■ ■ ■ s^i • 

Proposition 6.10. The Samelson product in 7r*{K{S^)) is as follows. ■ 

for the commutators 

[x^(o), • • • , e -Kn+iiKS^)) = Lie{n + 1) 

and 

[xr{iS),Xr{i), ■ ■ ■ ,Xr{m)\ £ TT^+i (-fC (5"^)) = Lie{m + 1) 

(/, J) = (io,«l, ■ ■ ■ ,inJo,jl, ■ ■ ■ ,jm) 

runs over all shuffles 0/ (0, 1, ■ ■ • ,m + n + l) so that io < ii < ■ ■ ■ < in, 
io < ii < ■ ■ ■ < jm, signal, J) is the sign of the permutation (/, J), 
a e acts on {0, 1, • • • , n} and r e S^+i acts on {0, 1, • • • , m} 
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Proof: Notice that {xq, ■ ■ ■ ,Xj^, ■ ■ ■ ,Xj^, ■ ■ ■ , Xn+m+i} = {xio, ■■■ 
and sj : {xq, ■ ■ ■ , Xn} — > {xi^, ■ ■ ■ , Xj^} is an ordered isomorphism. 

Sj([^o-(0)) ^(t(1)) ■ ■ ■ ) ^o-(ra)]) — [^V(o)' ■ ■ ■ ' -^VCn)] 

and 

^-''([•^t(O)) ^t(I)) ■ ■ ■ ) ^Tim)]) = [^ir(O)' ' ' ' ' •^JT(m)]" 

The assertion follows. 

Definition 6.11. A simplicial group is minimal if it is also a minimal 
simplicial set. 

Recall that a simplicial group G is minimal if and only if the Moore 
chain complex NG is minimal [C2]. 

Theorem 6.12. The simplicial group K{S^) is the universal minimal 
simplicial quotient simplicial group of F{S^) in the following sense: 

(1) . K{S^) is a minimal simplicial group. 

(2) . Let G be a minimal simplicial group. Then every simplicial ho- 
momorphism f : F{S^) G factors through K{S^). 

Proof: By inspecting the proof of Theorem 6.7, K{S^) is a minimal 
simplicial group. The assertion (2) follows from the following state- 
ment. 

Statement: K{S^) is the quotient simplicial group of -^(5*^) modulo the 
normal subsimplicial group generated by the boundaries. 

Let H denote the kernel of the quotient map p : F{S^) — > K(S^) and 
let B denote the normal subsimplicial group of F(S^) generated by the 
boundaries BF{S^). Notice that K{S^) is a minimal simplicial group. 
Thus B is contained in H. Let Q denote the quotient simplicial group 
F{S^)/B. Then Q is a minimal simplicial group. By Proposition 2.6, 
there is a central extension 

^ KiTTn+lQ, Pn+lQ ^ PnQ ^ 0, 

where PnQ is the n-th Moore-Postnikov system of Q. Notice that 
PiQ = kIttq,!) = K{Z,1). Thus F^'+^Pn+iQ = 1 by induction on 
n. Notice that Qn+i = {Pn+iQ)n+i- Thus P^+^Q^+i = 1. Now we 
show that H is contained in B by induction on the dimension starting 
with Hi = Bi = 1. Suppose that if„ C Bn with n > 0. Notice that 
F{S'^)n+i = F{xo,--- ,Xn) and ii'(S'^)„+i = K{xo,--- ,Xn)- Thus 
is a normal subgroup of F{xo, • • • , Xn) generated by the commutators 
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such that ip ^ ig for p < q. Now consider W — [[xi^,Xi^], ■ ■ ■ , XjJ, x^J. 
If t > n + 1, then W e r''+'^F{xo, ■ ■ ■ Thus W e since 

r^+^Qn+i = 1. 

If t < n+1, then there exists an index j e {0, 1, • • • , n} — {ii, • • • ,it}. 
Recall that 

^ (xk k <i, 
^'^^ ~ I Xk+i k>i, 

for Xk = • • • Sfe • • • socr e -S"^- Thus 

where i'f. = ik if ik < j and i'^ = ik — I if ik > j- By induction, 
[[xi[,Xi'^],--- ,Xi'^],Xi'^] e B. Thus = [[xi^, Xi^], ■ ■ ■ ,Xi^],Xi,] e S. 
The induction is finished and the assertion follows. 

The simplicial group K{S^) is homotopy eqivalent to a product of 
the Eilenberg-Maclane spaces with a different product structure. 

Proposition 6.13. QK{S^) is an abelian simplicial group. Therefore 
K{S^) is homotopy equivalent to a product of the Eilenherg-MacLane 
spaces as a simplicial set. 

Proof: Consider 

do : K{xq, Xi, • • • , Xn) K{xo, Xi,--- , Xn-l) 

do{xo) = 1 and do{xj) — Xj_i. Thus Kerdo fl Kn+i{S^) =< Xq > is the 
normal subgroup generated by Xq which is abelian by Lemma 6.4. The 
assertion follows. 

In the end of this section, we give some apphcations of K{S^) to 
minimal simplicial groups. 

Proposition 6.14. Let G be a minimal simplicial group such that the 

abelianlizer G"* is a minimal simplicial group K{tt, 1) for a cyclic group 
71. Then G is homotopy equivalent to a product of Eilenberg-Maclane 
spaces. 

Proof: Notice that Gi = tt. Let x be a generator for the cyclic group 
TT and let f^'-S^^Ghea. representive map of x, i.e, fx{cr) = x. Let 
g : F{S^) — > G be the simplicial homomorphism induced by fx- We 
need a lemma. 

Lemma 6.15. The simplicial homomorphism g : F{S^) G is sim- 
plicial surjection. 
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Proof: It suffices to show that the subsimphcial group, denote by H, 
of G generated by Gi is G itseff. This is given by induction on the 
dimensions starting with Hi = Gi. Suppose that Hn-i = Gn-i with 
n > 1. By a result of Condule [see, e.g, Po, Proposition 1, pp.6], 
Gn is generated by the degenerate images of lower order Moore chain 
complex terms and NGn- Thus G„ is genereted by NGn and if„ 
by induction. Notice that G is a minimal simplicial group. Thus 
NGn = ZGm the cycles. By Proposition 2.1, ZGn is contained in the 
center of G„. Thus Hn is a normal subgroup of Gn and the composite 
: 7r„G = ZGn Gn — > Gn/Hn is an epimorphism. Thus Gn/Hn 
is an abelian group and so the quotient homomorphism Gn — ^ Gn/Hn 
factors through . Notice that G"^ = K{ti, 1). Thus Gf ^ Gf/ZGn 
and so : 7r„G — > Gn/Hn is trivial. Thus Gn/Hn is trivial and the 
assertion follows. 

Continuation of Proof of Proposition 6.14- Notice that G is minimal. 
The simplicial epimorphism g : F{S^) G factors through K{S^) by 
Proposition 6.12. By Proposition 6.13, QK{S^) is an abelian simplicial 
group. Thus QG is also an abelian simplicial group. Thus G is homo- 
topy equivalent to a product of Eilenberg-Maclane spaces, which is the 
assertion. 

The following counter-example for minimal simplicial groups is due 
to J. W. Milnor (unpublished). 

Proposition 6.16. Q(5'"+^[n + 1, n + 2, n + 3]) does not have a ho- 
motopy type of a minimal simplicial group for n > 0, where S^''^^[n + 
1, n + 2, n + 3] is the 3-stage Postnikov system by taking the first three 
nontrivial homotopy groups of S'^^^ . 

Proof: Suppose that G is a minimal simplicial group such that G ~ 
+ l,n + 2,n + 3]). Let / : F{S^) fi^-^G be a simplicial 
homomorphism such that /(cr) is a generator of (f2"^^G)i = G„ = Z. 
Then /* : 'Kj{F{S^)) 'Kj{QP'''^G) is an isomorphism for j < 3. Notice 
that QP'^G is also a minimal simplicial group. The simplicial homo- 
morphism / : F{S^) QJ^^^G factors through K{S^). Notice that 
t:^{F{S^)) ^ mil^-^G) ^ Z/2 and 7i3{K{S^)) ^ Lie{3) ^ Z © Z. 
There is a contradiction and the assertion follows. 

More examples and counter-examples for minimal simplicial groups 
will be given in [Wu2]. It was know that there are still many counter- 
examples of two-stage Postnikov systems for minimal simplicial groups 
[Wu2]. 
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